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1. Introduction 



Suppose that F is either a global field or a finitely generated extension of Q, A 
is an abelian variety over F, I is a prime number, and I ^ char(F). Let <&e(F, A) 
denote the algebraic envelope of the image of the absolute Galois group of F under 
the i'-adic representation associated to A, and let <8e(F, A) denote its identity 
connected component. In §|]we prove that the intersection of <3e(F, A)° (Qi) with 
the torsion subgroup of the center of End(A) Q is independent of I. In the case 
where F is a finitely generated extension of Q, this would follow from the Mumford- 
Tate Conjecture. Our results do not assume the Mumford-Tate Conjecture, and 
apply even in the positive characteristic case, where there is no analogue of the 
Mumford-Tate Conjecture. The result in the characteristic zero case can therefore 
be viewed as providing evidence in the direction of the Mumford-Tate conjecture. 

Let F<& t i(A) be the smallest extension F 1 of F such that <8e(F', A) is connected. 
We call this extension the ^-connectedness extension, or connectedness extension. 
The algebraic group <&e(F, A) and the field F&^(A) were introduced by Serre 
^ ' ((Hi) @' 1 1^ |), who proved that if F is a global field or a finitely generated 

i^, extension of Q, then F$j(A) is independent of I (sec Proposition 1.1 of 

CJQ' § , and Proposition 6.14 of j§). In such cases, we will denote the field F^ ! e(A) by 

, F$(A). Our results rely heavily on the I- independence results of Serre and their 



generalizations g. 

Let F(End(A)) denote the smallest extension of F over which all the endomor- 
' phisms of A are defined. Then (see Proposition 2.10 of |p7|), 

F(End{A)) C F^ e (A). 

By enlarging the ground field, we may assume that F — F(End(A)) — F^/(A). We 
then consider twists of the f-adic representations associated to A. The results of this 
paper follow from the ^-independence of the connectedness extensions associated to 
these twists. 

See |Q for a study of the connectedness extensions attached to twists of abelian 
varieties. See JlTj for conditions for the connectedness of <5e(F, A). 

2. Definitions, notation, and lemmas 

Let Z, Q, and C denote respectively the integers, rational numbers, and complex 
numbers. If G is an algebraic group, let G° denote the identity connected compo- 
nent. If F is a field, let F s denote a separable closure of F and let F denote an 
algebraic closure of F. If A is an abelian variety over a field F, write End^^l) for 
the endomorphisms of A which are defined over F, write A\xt f{A) for the automor- 
phisms of A defined over F, let End(A) = End F , (A), let End°(A) = End(A) ® z Q, 
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and let End° F {A) = End F (A) ® z Q. If £ is a prime number and £ ^ chai(F), let 
T e (A) = lim^V (the Tate module), let Ve{A) = T e (A) ® Ze Qe, and let p A j denote 
the €-adic representation 

PA,e : Gal(F s /F) -» Aut(7>(A)) C Aut(VK^)). 

Let <8g(F, A) denote the algebraic envelope of the image of p A ,e, i-e., the Zariski 
closure in Aut(Ve(A)) of the image of Gal(F s /L) under p A ,i- Let be the 

smallest extension F' of F in F s such that <5e(F', A) is connected. 

Lemma 2.1 (Lemma 2.7 of |T?|| ). //A is an abelian variety over a field F , L is a 
finite extension of F in F s , and £ is a prime number, then 

e t (L, A) C & e (F, A) and & e (L, A) = >3 e (F, Af . 

In particular, if <&i(F, A) is connected, then &^{F,A) = <8e(L,A). 

Lemma 2.2. Suppose A and B are abelian varieties over a field F , L is a finite 
extension of F in F s , £ is a prime number, £ ^ char(i 7 '), &e(F, A) is connected, 
and A and B are isomorphic over L. Then: 

(i) <5 e (F,B)° = <5 e (F,A), and 

(ii) <Sg(L,B) is connected, i.e., F$ t i(B) C L. 

Proof. Since A and B are isomorphic over L, and <3i(F, A) is connected, we have 
<8 e (L,B) = <8 e (L,A) = <8e(F,A) = <3 e (F,A)° 

= ®z(L,A)° = ®t(L,B)° = <Sz{F,Bf, 



using Lemma 2.1. The result follows. □ 



Lemma 2.3. Suppose A is an abelian variety over a global field F and 

c:G&\(F s /F)->End F (A) x 

is a continuous homomorphism of finite order. For each prime £ ^ char(i^) let 

p ltC : G&\(F S /F) -> Aut(VH^)), ° " c{a)p A>l {a) 

be the twist of Pa,£- Then {pe, c } constitutes a strictly compatible system of integral 
l-adic representations ofGal(F s /F). More precisely, suppose M is a finite Galois 
extension of F such that c factors through Gal(M/F). Let Si be the set of finite 
places v of F such that either A has bad reduction at v, v is ramified in M/F, 
or the residue characteristic of v is I. Let v be a finite place of F, w a place of 
F s lying over v, and n v and k w the residue fields at v and w, respectively. Let 
t G Gal(F s /F) be an element that acts as the Frobenius automorphism of n w /n v . 
Suppose that v ^ Si, and let 

<p w = PeA T ) € Aut(V e (A)). 

Then pi^ c is unramified at v, the characteristic polynomial P v (t) of (p w lies in Z[t] 
and does not depend on the choice of w and £, and the roots of P v {t) all have 
complex absolute value \Jj^n v . 
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Proof. We use that {pA,t} is a strictly compatible system of integral £-adic repre- 
sentations of Gal(F s I F) (see [[l9| and 1.2 of Let A„ be the abelian variety 
over k„ which is the reduction of A at v. The choice of w allows us to identify 
the Tate modules Vi(A) and Vi(A v ), and this identification is compatible with the 
natural embedding End (A) End°(A„). Let 

Fr w = p AA {r) € Aut(V e {A)). 

Then 

p w = c(r)Fr w e Aut(Vi(A)) C Aut(V^(A K )), 

and the identification of Aut(V^(A)) with Aut(Vi(A 1 ,)) identifies Fr„, with the 
Frobenius endomorphism of A v inside Aut(Vg(A v )). It follows from Weil's results 
on endomorphisms of abelian varieties that P v (t) has rational coefficients which 
do not depend on the choice of w and £. If to = [M : F] then (c(T)Fr w ) m — 
(Fr w ) m 6 End(A„) and therefore all roots of P v (t) are algebraic integers. There- 
fore, P v (t) € Z[t]. Further, Weil's results imply that the eigenvalues of ip w have 
absolute value □ 

Theorem 2.4. is either a finitely generated extension o/Q or a function field 
in one variable over a finite field, then every finite abelian group occurs as a Galois 
group over F. 

Proof. See Theorem 3.12c of Q, and IV.2.1 and IV.1.2 of @. □ 

Next we define the Mumford-Tate group of a complex abelian variety A (see 
§2 of or §6 of H). If A is a complex abelian variety, let V = iJi(A(C), Q) 
and consider the Hodge decomposition V ® C = H\{A(C), C) = if -1 - ® 
Define a homomorphism fi : G m — > GL(V) as follows. For z G C, let /i(z) be the 
automorphism of ® C which is multiplication by z on H~ 1,a and is the identity 
on H '- 1 . 

Definition 2.5. The Mumford-Tate group MT A of A is the smallest algebraic sub- 
group of GL(V), defined over Q, which after extension of scalars to C contains the 
image of fj,. 

If A is an abelian variety over a subfield F of C, we fix an embedding of F in 
C. This gives an identification of Vt(A) with H\(A, Q) ® Q^, and allows us to view 
MTa x Qe as a linear Q^-algebraic subgroup of GL(V^(A)). Let 

MT A>i = MT A x Q Q i . 

Then MTx(Q^) = MT^^(Q^). The Mumford-Tate conjecture for abelian varieties 
(sec Q) may be reformulated as the equality of Q^-algebraic groups, <3z(F, A) = 
MT A/ . 

Conjecture 2.6 (Mumford-Tate Conjecture). If A is an abelian variety over a 
finitely generated extension F o/Q, then &i(F,A) = MT A ^. 

The inclusion <&e(F, A) C MT Ai # was proved by Piatetski-Shapiro M, Deligne 
|j, and Borovoi Q. 

It is well-known that MT^ contains the homotheties G m and that the centralizer 
of MT A in End(y) is End (A). Therefore, the center of MT A (Q) contains -1 and 
is contained in the center of End (A) . 
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3. ^-INDEPENDENCE 

Suppose that F is either a finitely generated extension of Q or a global field. Sup- 
pose F = F$(A), so that <5AF, A) = <5£{F,A)° = <3 £ (L,A) for all finite extensions 
L of F. It follows from §, g], §§, Q, and VI.5 and XII.2 of g that <8*(F, A) is 
a reductive Q^-algebraic group, whose centralizer in End(V^(A)) is End(A) ® Q^. 
This implies that the center of <8e (F, A)(Qe ) is contained in (Z (g> Q^) x , where Z 
is the center of End (A). Let ha denote the group of elements of finite order in 
the center of End (A). In the case where F C C, the Mumford-Tate Conjecture 
(Conjecture |2.6| ) would imply that ha H ®e{F, A)(Qi) is the torsion subgroup of 
the center of MTa(Q), and therefore is independent of I, In the following two 
results we prove that ha H 25f(-F, A)(Q^) is independent of £ (without assuming the 
Mumford-Tate Conjecture). 

It follows from Weil's results on abelian varieties JlJ| (as was pointed out by 
Deligne; see 2.3 of p2| ) that <3g(F,A) contains the homotheties G TO . In particular, 

-l e e t (F,A)(Qi). 



Theorem 3.1. Suppose A is an abelian variety over a finitely generated extension 
F of Q, and F = F$(A). Let ha denote the group of elements of finite order in 
the center o/End°(yl). Then ha H ©^(F, A)(Q^) is independent of the prime £. 

Proof. Over C, we can view A as C d /L with L a lattice in C d . Then V = 
J2-y£fi A l(L) is a /i^-invariant lattice in C d that contains L as a subgroup of 
finite index. The complex abelian variety C d /L' has a model A' defined over 
a finite extension F' of F such that A and A are F'-isogenous and ha coin- 
cides with the set of elements of finite order in the center of End(A'). Since 
&e(F',A') — ®e(F',A) — <&g(F,A), we may assume without loss of generality 
that ha coin cide s with the set of elements of finite order in the center of End (A). 
By Theorem 2.4, we can choose an abelian extension M of F such that Gal(M/F) 
is isomorphic to ha- Let 

X : Gal(M/F) - ha 

be an isomorphism, let c : Gal(F s / F) — > ha be the composition of \ with the 
projection Gal(F s j F) — > Gal( M/F), and let B denote the twist of A by the cocycle 
induced by c. By Lemma 2.2 i, <3t(F, B) = <&e(F,A). The character c induces an 
isomorphism 

Gal(M/F$(B)) = ha n <5,(F, F)°(Q,) = W n A)(Q<). 
Since Gal(M/Fj,(F)) is independent of £, we are done. □ 



Theorem 3.2. Suppose F is a function field in one variable over a finite field, A is 
an abelian variety over F , and £ is a prime number not equal to char(F). Suppose 
F = F$ (A) , and let ha denote the group of elements of finite order in the center 
of End (A). Then ha H ®e.(F, j4)(Q^) is independent of I. 

Proof. By Theorem we can choose an abelian extension M of F such that 
Gal(M / F) is isomorphic to ha- Let 

X : G&\(M/F) -> ha 

be an isomorphism, let c : Gal(F s /F) — ► ^4 be the composition of x with the 
projection Ga\(F s / F) -► Gal (M/F), and define p £ , c : Gal(F s /F) -► Aut(V£(A)) 
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by Pe,c{&) — c{<j)pA,i{<y). For FCF'C F s , let <8^ C (F') denote the Zariski closure 
of pe_ c (Gal(F s /F')). Let F$, c denote the smallest extension F' of F in F s such 
that <&£. C (F') is connected. By Lemma [E3| , {/?f, c } is a strictly compatible system 
of integral ^-adic representations. Therefore by Proposition 6.14 of 0, F$ jC is 
independent of I. By definition, 

Gal(M/F*, c ) = pa H ©f, c (F)°(Q,) and 0< lC (M) = 0<(Af, A). 

Lemma [2.1| is valid with <&^ C (F') in place of <&i{F', A); the proof remains un- 
changed. Therefore, 

&t, c {Ff = «<,c(M)° = «<(M, A) = O^F, A). 

Since Gal(M/F$ )C ) is independent of £, we are done. □ 
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